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The problem is concerned with the parametric oscillations of a beam subjected to a longitudinal deter-
ministic or stochastic force. The equation, describing the motion of the Euler–Bernoulli beam, is based
on the nonlocal elasticity theory and nonlocal damping. The dynamic stability problem is solved for
the beam, made from micro- and nano-materials. Asymptotic stability and almost sure asymptotic stabil-
ity criteria involving a damping coefﬁcient, structure and loading parameters are derived using the
method of the maximal Liapunov exponent.
 2012 Elsevier Ltd. All rights reserved.1. Introduction
A model, based on nonlocal continuum mechanics, was applied
by many authors to solve the buckling and stability of carbon
nanotubes (Sudak, 2003; Zhang et al., 2004; Tylikowski, 2006;
Kumar et al., 2008). A model, based on nonlocal continuum
mechanics (Eringen and Edelen, 1972), was applied by Sudak
(2003) for the solution of the buckling problem of multiwalled
nested carbon nanotubes. Zhang et al. (2004) used a nonlocal
Timoshenko beam model to compare axial buckling results with
the molecular mechanics simulations by Sears and Batra (2004).
In this paper, it is found that the strain energy of bending deforma-
tion computed from the Euler–Bernoulli beam theory matches well
with that obtained from the molecular-mechanics simulations. The
molecular-mechanics predictions of the critical strains for axial
buckling and shell wall buckling do not match well with those
derived from the Euler buckling formula and the Donnell shell the-
ory. Dynamic stability of double-walled carbon nanotubes treated
as co-axial Euler beams with different bending stiffnesses was
analyzed via Liapunov direct method by Tylikowski (2006).
For the description of the damping the simplest model of
viscous damping with constant coefﬁcient (Voigt’s model) is com-
monly used. The model of the nonlocal damping (space hysteresis)
was proposed by Banks and Inman (1991). The similar model is
effective at the analysis of the dynamic behavior of composite
and nano structures. In that case, if the damping properties of
the material are described on the base of the viscoelasticity, then
the model of the nonlocal viscoelasticity was proposed by Ahmadi
(1975). Lei et al. (2006) investigated the inﬂuence of the nonlocalll rights reserved.damping on forms and frequencies of eigen oscillations of beams
and shells. Operators Le, Li for external and internal damping were
assumed in the form
Leuðr; tÞ ¼
Z
X
Z t
0
Ceðr; h; t  sÞuðh; sÞdsdh;
Liuðr; tÞ ¼
Z
X
Z t
0
Ciðr; h; t  sÞLsuðh; sÞdsdh;
where uðr; tÞ is the vector of displacements, r is the vector of coor-
dinates of the given point and the time t, Ceðr; h; t  sÞ and
Ciðr; h; t  sÞ are kernels of operators, characterizing respective
damping. The external damping depends only from displacements.
However, the internal damping depends from stresses too. It is
expressed with respect to space derivatives of displacements and
is accounted by the operator Ls. Kernels Ceðr; h; t  sÞ and Ciðr; h;
t  sÞ have the forms
Ciðr; h; t  sÞ ¼ HiðrÞciðr hÞgiðt  sÞ;
Ceðr; h; t  sÞ ¼ HeðrÞceðr hÞgeðt  sÞ:
Further the effect of the nonlocalness of the elasticity and damping
on the stability of the beam is investigated.
2. Treatment of the problem
The problem of the dynamic stability of the beam under action
of the longitudinal force FðtÞ, taking into account the effect of the
nonlocal elasticity and damping, will be considered in the present
paper. The nonlocal elasticity theory assumes that the stresses at a
given reference point with the coordinate x are functions of strain
state of all points in the body. For distributed parameter dynamic
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one dimensional stress–strain state)
rðx; tÞ ¼ E
Z l
0
Celðj x x0 jÞeðx0; tÞdx0 þ c
Z l
0
Cdðj x x0 jÞ@eðx
0; tÞ
@t
dx0
" #
;
ð1Þ
where E is the elastic modulus, r, e are the stress and strain respec-
tively, x, t are the coordinate of the given point and the time, l is the
length of the beam, Celðj x x0 jÞ, Cdðj x x0 jÞ are kernels of the elas-
ticity and damping nonlocalness respectively.
This relation can be considered as a generalization of the Voigt’s
model
rðx; tÞ ¼ E½eðx; tÞ þ c@eðx; tÞ=@t:
The functions Celðj x x0 jÞ, Cdðj x x0 jÞ are normalized to satisfy the
condition,Z 1
1
celðxÞdx ¼ 1;
Z 1
1
cdðxÞdx ¼ 1:
Common choices for these functions are:
1. Model 1 – exponential decaycðx hÞ ¼ ðl=2Þeljxhj;
2. Model 2 – error functioncðx hÞ ¼ ðl=
ﬃﬃﬃﬃﬃﬃ
2p
p
Þe½l2ðxhÞ2=2;3. Model 3 – hat shapecðx hÞ ¼
1
l0
; j x h j6 l0=2;
0; otherwise;
(4. Model 3 – triangular shapecðx hÞ ¼
1
l0
1 jxhjl0
 
; j x h j6 l0;
0; otherwise;
(where a and l0 are characteristic parameters of the material.
In this paper the kernels Celðj x x0 jÞ, Cdðj x x0 jÞ are assumed
in the exponential form and Eq. (1) is written as
rðx; tÞ ¼ E g
2
Z l
0
egjxx
0 jeðx0; tÞdx0 þ cl
2
Z l
0
eljxx
0 j @eðx0; tÞ
@t
dx0
" #
:
ð2Þ
Calculating the bending moment in a given cross section of the
beam taking into account Euler–Bernoulli hypothesis we have
M ¼EI
Z l
0
Celðj x x0 jÞ@
2wðx0; tÞ
@x02
dx0 þ c
Z l
0
Cdðj x x0 jÞ@
3wðx0; tÞ
@t@x02
dx0
" #
;
ð3Þ
where w is the beam deﬂection, EI is the beam bending stiffness.
In order to derive the equation of the beam transverse motion
we start from the dynamics equation
@2M
@x2
¼ qA @
2w
@t2
þ N @
2w
@x2
: ð4Þ
Here q is the mass density, A is the cross-section area, N is the total
axial force.
Calculating the second order derivative of expression in Eq. (3)
with respect to x we eliminate M substituting Eq. (4)EI
qA
@2
@x2
Z l
0
Celðj x x0 jÞ@
2wðx0; tÞ
@x02
dx0 þ
Z l
0
Cdðj x x0 jÞ@
3wðx0; tÞ
@t@x02
dx0
" #
þ @
2wðx; tÞ
@t2
þ N
qA
@2wðx; tÞ
@x2
¼ 0: ð5Þ
The solution of this equation wðx; tÞ must satisfy to boundary at
x ¼ 0; l and initial conditions. Further we assume that the beam is
clamped on both ends. In such a case the boundary conditions have
the form wð0; tÞ ¼ wðl; tÞ ¼ 0, @wðx; tÞ=@xjx¼0 ¼ @wðx; tÞ=@xjx¼l ¼ 0.
The initial conditions are written as wðx; 0Þ ¼ w0ðxÞ, @wðx; tÞ=
@xjt¼0 ¼ v0ðxÞ.
The function wðx; tÞ is searched in the form of series
wðx; tÞ ¼
X1
i¼1
fiðtÞViðxÞ; ð6Þ
where fiðtÞ are generalized deﬂections, ViðxÞ are forms of eigen
oscillations of the elastic beam (Filippov, 1970)
ViðxÞ ¼ ðshkil sin kilÞðchkix cos kixÞ
 ðchkil cos kilÞðshkix sin kixÞ:
Here ki is the i-th root of the equation
chkil cos kil ¼ 1:
Bounding in the expression (6) by the ﬁnite sum and substituting it
into Eq. (5), multiplying by VjðxÞ and integrating with respect to x
over the length of the beam, gives
d2fiðtÞ
dt2
þ N
ajqA
Z l
0
VjðxÞ
Xn
i¼1
fiðtÞViðxÞdxþ EIajqA
Z l
0
VjðxÞd
2Vi
dx2

Z l
0
Celðj x x0 jÞ
Xn
i¼1
fiðtÞd
2Viðx0Þ
dx02
dx0 þ c
Z l
0
Cdðj x x0 jÞ
"

Xn
i¼1
fiðtÞ
dt
d2Viðx0Þ
dx02
dx0
#
dx; ð7Þ
where aj ¼
R l
0 V
2
j ðxÞdx.
Using the equalityZ l
0
udv ¼ uv jl0 
Z l
0
v du;
Eq. (7) can be transformed to the equation
d2fiðtÞ
dt2
þ N
ajqA
Xn
i¼1
bjifiðtÞ þ EIajqA
Xn
i¼1
fiðtÞ
Z l
0
d2VjðxÞ
dx2
"

Z l
0
Celðj x x0 jÞ d
2Viðx0Þ
dx02
dx0 þ c fiðtÞ
dt
Z l
0
d2VjðxÞ
dx2

Z l
0
Cdðj x x0 jÞ d
2Viðx0Þ
dx02
dx0
#
dx: ð8Þ
Here bji ¼
R l
0 VjðxÞ d
2ViðxÞ
dx2
dx.
Introducing dimensionless values z ¼ x=l; y ¼ x0=l; s ¼ x1t,
a ¼ N=Ncr , where x1 is the minimal frequency of eigen oscillations
of the beam, x21 ¼ k41EI=ðqAÞ, Ncr ¼ 4p2EI=l2 is the critical force for
the beam, and exponential kernels
Celðj z y jÞ ¼ ðgl=2Þegljzyj; Cdðj z y jÞ ¼ ðll=2Þelljzyj
we receive the following equation
€f jðsÞ þ a
Xn
i¼1
cjifi þ
Xn
i¼1
½djifiðsÞ þ 2gji _f iðsÞ ¼ 0: ð9Þ
Here
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Z 1
0
VjðzÞd
2 ViðzÞ
dz2
dz; cji ¼ 2pk1l
 2 ki
k1
 2
bji=aj;
dji ¼ kjki
k21
 !2
gl
2aj
Z 1
0
d2 VjðzÞ
dz2
Z 1
0
egljzyj
d2 ViðyÞ
dy2
dydz;
gji ¼
kjki
k21
 !2
ll
2aj
Z 1
0
d2 VjðzÞ
dz2
Z 1
0
elljzyj
d2 ViðyÞ
dy2
dydz;
aj ¼
Z 1
0
V2j ðzÞdz  aj=l;
d2 VjðzÞ
dz2
¼ 1
k2j
d2VjðzÞ
dz2
; 2 ¼ cx1:
The dot denotes the differentiation with respect to time s.
We consider three partial cases too:
(a) local elasticity (gl ¼ 1) and nonlocal damping€f jðsÞ þ ðx2j =x21ÞfjðsÞ þ a
Xn
i¼1
cjifi þ 2
Xn
i¼1
gji _f iðsÞ ¼ 0; ð10Þwhere x2j ¼ k4j EI=ðqAÞ;
(b) nonlocal elasticity and local damping (ll ¼ 1)€f jðsÞ þ 2ðx2j =x21Þ _f jðsÞ þ a
Xn
i¼1
cjifi þ
Xn
i¼1
djifiðsÞ ¼ 0: ð11Þ(c) local elasticity and damping€f jðsÞ þ ðx2j =x21Þ½fjðsÞ þ 2 _f jðsÞ þ a
Xn
i¼1
cjifi ¼ 0:Table 1
Estimations of the top Liapunov exponent as a function of the number n at
s ¼ 2 104.
n Ds gl ¼ 10 Ds gl ¼ 10 Ds gl ¼ 1 Ds gl ¼ 1
ll ¼ 10 ll ¼ 1 ll ¼ 10 ll ¼ 1
k k k k
1 0.1 0.058 0.1 0.100 0.1 0.058 0.1 0.100
3 0.1 0.055 0.1 0.103 0.1 0.060 0.1 0.100
5 0.01 0.053 0.01 0.109 0.01 0.060 0.01 0.100
11 0.001 0.051 0.001 0.117 0.001 0.060 0.001 0.1003. Stability of the beam at deterministic and stochastic
parametric excitation
Let us present Eq. (9) in the form of the system of differential
equations of the ﬁrst order xj ¼ fj, xjþn ¼ _f j,
_xj ¼ xjþn; ð12Þ
_xjþn ¼ a
Xn
i¼1
cjixi 
Xn
i¼1
ðdjixi þ 2gjixiþnÞ: ð13Þ
Further the stability of a deterministic system is understand as sta-
bility with respect to perturbations of initial conditions (stability in
Liapunov’s sense). If the longitudinal force is a stochastic process,
we use a well known deﬁnition of the almost sure stability.
(i) The solution xðsÞ  0 is almost sure stable if
Table 2
Estimations of the top Liapunov exponent as a function of parameters a1, gl, ll,
obtained at s ¼ 2 105 and n = 5.
gl ll Ds a1 ¼ 0:2 a1 ¼ 0:4
k k
1 1 0.01 3.078 2.954
1 1 0.01 0.770 0.745
1 1 0.01 0.066 0.135P lim
kxok!0
Sups>0kxðs; xoÞk ¼ 0
 
¼ 1;
where Pf. . .g is the probability of the bracketed event, xðsÞ is
the vector of unknowns, x ¼ ½x1; . . . ; xn; x1þn; . . . ; x2n, kxok ¼
kxð0Þk, kxðs; xoÞk are norms of the vector x in an Euclidean
space at the initial moment of time s ¼ 0 and at the instant s.10 10 0.01 0.053 0.055
10 1 0.01 0.109 0.109(ii) The solution xðsÞ  0 is asymptotically almost sure stable if
it is almost sure stable, and in addition, the condition1 10 0.01 0.009 0.078
100 100 0.001 0.028 0.043
100 1 0.01 0.034 0.038lim
T!1
PfSupsPTkxðs; xoÞk ¼ 0g ¼ 1
is satisﬁed.
1 100 0.01 0.027 0.041
1000 1000 0.001 0.028 0.040
1000 1 0.01 0.031 0.038
1 1000 0.01 0.027 0.039For the estimation of the stability of Eqs. (12) and (13) the
method of the top Liapunov exponent is used, which is deﬁned
by the expressionk ¼ lim
s!1
1
s
ln
kxðsÞk
kxð0Þk : ð14Þ
If the top Liapunov exponent k is positive, then the considered sys-
tem is unstable, and if k is negative, then the system is asymptoti-
cally stable.
For the calculation of the top Liapunov exponent the procedure
can be used, which by Benettin with co-workers was proposed by
Benettin et al. (1980).
4. Numerical results
For the numerical solution of Eqs. (12) and (13) the Runge–Kut-
ta method of the 4-th order is used. The calculation of integrals in
expressions is produced with help of the relationZ 1
0
elljzyj
d2 ViðyÞ
dy2
dy ¼
Xm
k¼0
Z ðkþ1ÞDy
kDy
elljzyj
d2 ViðyÞ
dy2
dy

Xm
k¼0
Z ðkþ1ÞDy
kDy
elljzyjdy
 1
2
d2 ViðyÞ
dy2
" #
y¼kDy
þ d
2 ViðyÞ
dy2
" #
y¼ðkþ1ÞDy
8<
:
9=
;;
where Dy ¼ 1=m, m is the number of steps on the integration inter-
val ½0;1.
First, let us consider the solution of deterministic Eqs. (12) and
(13) at following quantities of input parameters e ¼ 0:1,
aðsÞ  a0 ¼ 0:5. For the veriﬁcation of results in Table 1 values of
the top Liapunov exponent are presented, obtained for four ver-
sions of the beam and at different numbers n of terms in the expan-
sion of the deﬂection wðt; xÞ.
These data show that correct estimations of the top Liapunov
exponent can be obtained at least at n ¼ 5. From another side these
Table 3
Estimations of the top Liapunov exponent as a function of parameters r, gl, ll.
gl ll r k gl ll r k gl ll r k
1 1 0.2 0.017 1 1 0.2 0.761 1 1 0.2 34.038
10 0.040 10 0.056 10 10 0.004
100 0.077 100 0.080 100 100 0.074
1000 0.081 1000 0.081 1000 1000 0.081
1 1 0.4 0.064 1 1 0.4 0.689 1 1 0.4 2.836
10 0.006 10 0.025 10 10 0.079
100 0.031 100 0.032 100 100 0.028
1000 0.035 1000 0.034 1000 1000 0.038
Table 4
Estimations of the top Liapunov exponent as a function of parameters a1, gl, ll.
gl ll a1 r k
0.2 0.2 0.005
10 10 0.4 0.2 0.007
0.2 0.4 0.075
0.4 0.4 0.082
0.2 0.2 0.055
10 1 0.4 0.2 0.056
0.2 0.4 0.028
0.4 0.4 0.035
0.2 0.2 0.006
1 10 0.4 0.2 0.075
0.2 0.4 0.023
0.4 0.4 0.069
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erties can render a signiﬁcant effect on the value of k or on the level
of the stability of the beam.
The inﬂuence of the same factors on the stability of the beam
under action of the periodic force aðsÞ ¼ 0:5þ a1 cos 1:4s can be
estimated with data represented in Table 2.
For the comparison we indicate that the maximal Liapunov
exponent at the classical treatment of the problem is equal
0.030 at a1 ¼ 0:2, Ds ¼ 0:001, s ¼ 2 104 and 0.039 at a1 ¼ 0:4.
Data from Table 2 show that with increasing of values gl and ll
estimations of k strive to these values.
Further let us consider a stochastic force in the form
aðsÞ ¼ a0 þ a1 cos 1:4sþ aoðsÞ, where aoðsÞ is a Gaussian station-
ary process with the correlation function
Kðs1  s2Þ¼r2 expðd j s1  s2 jÞ cos hðs1 s2Þ þ dh sin hðs1s2Þ
	 

:
Here r2 is the dispersion of the process aoðsÞ, d, h are parameters,
characterizing the scale of the correlation and the frequency of
the implicit periodicity respectively.
aoðtÞ is a stationary random process with zero mathematical
expectation haoðtÞi ¼ 0 and the correlation function
Kðt1  t2Þ ¼ r2 expðd j t1  t2 jÞ cos hðt1  t2Þ þ dh sin hðt1  t2Þ
	 

;
ð15Þ
where r2 is the dispersion of the process, d, h are parameters, char-
acterizing the scale of the correlation and the frequency of the im-
plicit periodicity respectively.
Here and further angle brackets denote the operation of the
mathematical expectation.
The spectral density SðxÞ in this case has the form
SðxÞ ¼ 2r
2d
p
d2 þ h2
ðx2  h2  d2Þ2 þ 4d2x2
:
In this case the stationary process aoðsÞ can be considered as a re-
sult of the passage of the white noise through a linear ﬁlter of the
second order (Shalygin and Palagin, 1986)
€ao  a2 _ao  a3ao ¼ b2rnðsÞ; ð16Þ
moreover a3 ¼ ðd2 þ h2Þ, a2 ¼ 2d, b2 ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
2ðd2 þ h2Þ
q
, nðsÞ is the
Gaussian white noise, which is simulated by the expression
nðsÞ ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
2d=D
p
DðsÞ:
Here
DðtÞ ¼ i; t 2 ½iD; ðiþ 1ÞD;
i is a sequence of normally distributed uncorrelated numbers with
zero mean value and h2i ¼ 1; D ¼ Dt is the step of time.
Data of Tables 3 and 4 illustrate dependence of the maximal
Liapunov exponent on the mean square deviation and characteris-
tics of nonlocalness elastic and damping properties of the material.Data from Table 3 were obtained at  ¼ 0:1; n ¼ 5; a0 ¼ 0:5;
a1 ¼ 0; d ¼ 0:5; h ¼ 1:4; Ds ¼ 0:01; s ¼ 2 105.
Data from Table 4 are received for periodic and stochastic parts
of the force at the same other input data as in Table 3.
Data from Tables 3 and 4 illustrate that parameters of nonlocal-
nesses of the elasticity and damping render an signiﬁcant effect on
the almost sure stability of the beam. From another side, it should
be underlined a complicate dependence of the top Liapunov expo-
nent from the amplitude and dispersion of the periodic and sto-
chastic parts of the longitudinal force.
5. Conclusion
The inﬂuence of nonlocal scale parameters, constant compo-
nents and the variance of axial parametric excitation on the level
of the dynamic stability is shown. The nonlocal Euler–Bernoulli
beam accounts for the scale effect, which becomes signiﬁcant
when dealing with short micro- and nano-beams.
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